Abstract. In this paper we first prove the main conjecture for imaginary quadratic fields for all prime numbers p, improving slightly earlier results by Rubin. From this we deduce the equivariant main conjecture in the case that a certain µ-invariant vanishes. For prime numbers p ∤ 6 which split in K, we can prove the equivariant main conjecture using a theorem by Gillard.
Introduction
The Iwasawa main conjecture has been an important tool to study the arithmetic of special values of L-functions of Hecke characters of imaginary quadratic fields ([Ru1] , [Ki] , [Ts] , [Bl] , [JL] ). To obtain the finest possible invariants it is important to know the main conjecture for all prime numbers p and also to have an equivariant version at disposal.
In this paper we address these questions and treat the main conjecture for imaginary quadratic fields K in the equivariant and the non-equivariant setting. Our results are twofold:
As a first theorem (see 5.2), we prove the main conjecture first proven by Rubin [Ru1] , [Ru2] for all prime numbers p. This improves the results by Rubin, who had to impose the condition that p does not divide the order of the abelian field defined by χ.
The second result of our paper treats the equivariant main conjecture. We reduce this conjecture to the vanishing of a certain µ-invariant (see 5.5 for the precise condition). A result of Gillard [Gi] implies that the equivariant main conjecture is a theorem for prime numbers p ∤ 6, which split in K.
It was Rubin's idea to prove the main conjecture with the techniques of Euler systems invented by Kolyvagin (building also on ideas of Thaine). Later, he (and also Kato and Perrin-Riou independently) developed the machinery in an abstract and conceptual way, which made it a very flexible and general tool.
Our approach to the main conjecture follows the scheme of proof developed by the second author with A. Huber in [HK] . Instead of decomposing the classical Iwasawa modules under character-wise projectors (some of which turn out to not be integral and lead to restrictions on p), we use Galois cohomology with coefficients in the Galois representations defined by the character χ. Using this we reduce the main conjecture to the Tamagawa number conjecture for number fields at s = 0. We then exploit the isogeny invariance of the TNC to reduce to the analytic class number formula. This approach was inspired by the Tamagawa number conjecture and in particular by the work of Kato. To treat the equivariant main conjecture, Burns and Greither had the happy idea that the vanishing of certain µ-invariants had the consequence that the decisive Iwasawa modules vanish when localized at so called singular prime ideals (see 7.3). We essentially adopt this strategy but with a conceptual change first explained by Witte [Wi] : we deduce the equivariant main conjecture from the characterwise one using the fact that the vanishing of the µ-invariant implies the vanishing of the localized H 2 , which is essentially the inverse limit of the class groups.
For the experts we like to point out one seemingly new technical feature in the proof. Kato had the idea that one should use the functor Det of Knudsen and Mumford [KM] instead of the more traditional characteristic ideal. We not only follow his suggestion, but we use also the functor Div in a systematic way. This allows us to deal in an elegant way with the reduction of the main conjecture to the Tamagawa number conjecture.
The paper is organized as follows: after some notational preliminaries in the first section, we review the Tamagawa number conjecture for number fields at s = 0. The next section recalls the Euler system of elliptic units following the exposition by Kato in [Ka] . The fourth section introduces the basic Iwasawa modules and studies some of their properties. The technical part here is simpler than in the corresponding case of the main conjecture for Q, as we work here with a Z 2 p -extension of K. This implies that some cohomological Iwasawa modules are automatically pseudo-null, which is not true in the case for Q. The fifth section formulates the equivariant (here called Ω-main-conjecture) and the non-equivariant Iwasawa main conjecture (here called Λ-main-conjecture). The last two sections contain the proofs of these main conjectures.
The first named author would like to thank Universität Regensburg for its hospitality during the initial phase of this project. The second named author would like to thank M. Witte for very useful discussions concerning [Wi] . It is a great pleasure for both authors to thank the referee for a very careful reading of the manuscript and for pointing out several inaccuracies in an earlier version of the text.
1. Preliminaries 1.1. General notations. In this paper K always denotes an imaginary quadratic field with a fixed embedding K → C and we fix an algebraic closureK ⊂ C. By O K we denote the ring of integers. For each ideal f ⊂ O K we consider the ray class field K(f) of modulus f and we denote by G(f) := Gal(K(f)/K) its Galois group over K. Consider for an ideal f ⊂ O K characters η : G(f) → C * .
We will use in this paper the inverse of the usual Artin reciprocity map. That is, if q is a prime ideal, which does not divide the conductor of K(f), then we associate to it Frob −1 q the geometric Frobenius. Thus we get η(q) = η(Frob −1 q ). To have compatibility with the sources [Ka] and [dS] , we let σ a be the usual Artin symbol, so that η(a) = η −1 (σ a ).
The conductor of η will be denoted by f η and we let G(f) := {η : G(f) → C * } be the dual group of G(f). We denote by E a number field, which contains the values of η. We denote by O := O E the ring of integers in E and we introduce the following conventions:
In a similar way we let O p := O⊗ Z Z p . Note that this is a product of discrete valuation rings. For each character η : G(f) → E * and each embedding σ :
and the product is taken over all non-trivial prime ideals of
These L-functions have a meromorphic continuation to C and satisfy a functional equation. If η = 1 is non-trivial, the functions L(σ • η, s) have a zero of order 1 at s = 0. We write
for the leading term in the Laurent series at 0 of L(η, s) as an E ⊗ C-valued function.
1.2. The motive of a number field. For each Galois extension K ⊂ F ⊂ K with Galois group G := Gal(F/K), we denote by h 0 (F ) its motive over K and
the motive with coefficients in E. Here we assume that E contains all the values of the characters in G. For each group G and a commutative ring R, we let
be the group ring of G with coefficients in R. Now suppose that G is abelian. For a character η : G → E * we let
be the projector onto the η −1 -eigenspace. The projectors
where
Note that if η factors through a subgroup G ′ , then also p η −1 factors through
This means that M (η) is independent of the choice of the group on which the character η is considered. The L-function of the motive M (F ) is the Dedekind zeta function of F ,
for each character η : G → E * . We consider several realizations of the motives M (F ) and the dual motive M (F ) ∨ (1) with a Tate twist. In this case, since the dimension of the variety is 0,
The Betti realization is the E-vector space
Here the sum is over all embeddings of F into C, which agree with the fixed embedding of K. Also we have used the fixed embedding of F ⊂K into C in the last isomorphism.
The deRham realization
is an E p -representation of Gal(K/K).
The motivic cohomology groups are defined in terms of K-theory and we
The realizations of the motives M (η) are defined by applying the projector p η −1 to the realizations of M (F ). In particular, we have Note that all these notions depend on η and in the following way on G: Suppose that η factors into η = η • π, where π : G → G ′ is a group homomorphism. Then π induces a map π :
In this sense the lattice O(η) is independent of the group G, where η is defined. Note also that the action of Gal(K/K) on M (F ) p factors through G but this action is contragredient to the canonical action of G on M (F ) p . This is the reason why M (η) p = p η −1 M (F ) p has Galois action through η.
1.3. The functors Det and Div. For any ring R a perfect complex is a complex of (left) R-modules, which is quasi-isomorphic to a bounded complex of finitely generated projective R-modules.
We will use the graded determinant functor Det and the divisor functor Div of Knudsen and Mumford [KM] . Let R now be a commutative ring, and
a perfect complex of projective R-modules. One defines Det R P i := rk R P i R P i as a graded invertible R-module of (locally constant) degree rkP i . The determinant of the complex P · is then the graded invertible R-module
Notice that the determinant depends only on the quasi-isomorphism class of P · . Moreover, if the cohomology groups H i (P · ) are all perfect, one has
This functor is closely related to the characteristic ideal. If P is a torsion Rmodule, R a regular noetherian integral domain and Q(R) the total quotient ring of R, then char(P ) = Det −1 R P . Here we identify Det
Assume now that R is noetherian and let
be a map of perfect complexes on X := SpecR in the derived category. Let U (λ) be the open set of x ∈ X such that λ is an isomorphism in a neighbourhood of x. The map λ is called good if U (λ) contains all points of depth 0. Knudsen and Mumford define for good λ a Cartier divisor Div(λ) on X, which has the property that the canonical map on U (λ)
extends to an isomorphism on the whole of X
The functor Div has among other the following properties (see [KM] Theorem 3): If
is a short exact sequence of perfect complexes such that λ is good, then 0 → H · is good and Div(λ) = Div(H · ). If λ : F · → G · and µ : H · → I · are good, then Div(λ ⊕ µ) = Div(λ) + Div(µ). In the case, where G · = H · one has also
is good on Y and one has
For more details on these functors, see [KM] .
2. The Tamagawa number conjecture for the motive M (F )
We now review the Tamagawa number conjecture for number fields in the case s = 0, which is essentially a reformulation of the class number formula. As in the classical case we will reduce the main conjecture to the case of the Tamagawa number conjecture. The extension of the Tamagawa number conjecture of Bloch and Kato to coefficients is due to Kato, Fontaine-PerrinRiou and Burns-Flach. 2.1.Étale cohomology. In this section M is one of the motives M (F ) or M (η). As usual, using our fixed algebraic closureK, we identify continuous Galois cohomology and continuousétale cohomology.
In the formulation of the Tamagawa number conjecture, as well as in the sequel, we have need of several complexes of Galois cohomology, which we define following Fontaine [Fo] . Fix a rational prime p, and for every finite place v of K, define the local unramified cohomology of M p to be the complex 
Definition 2.1. Let S be a finite set of primes of K such that M p is unramified outside of S and let j :
.e., we omit j * from the notation.
Using this convention, the compact support cohomology is defined for any Galois stable lattice T p ⊂ M p as
Proof. As O p is regular, this just amounts to the statement that the complexes have finite cohomological dimension. For O K [1/pS] this follows using that the cohomological p-dimension is two because K has no real place (see [Mi] I.4.10). To show the statement for
where the outer complexes are perfect by loc. cit. For
This proves the claim.
The global unramified cohomology is defined similarly as a mapping cone
and thanks to results of Soulé an isomorphism
given by the regulator map
Further, by Artin-Verdier duality, we have that
where ∨ denotes the E p -dual. Thus, we can compute
in all degrees and get for our motives the triangle
From the above, we deduce a fourth exact triangle (note that
For later use, we note the behaviour of 
Proof. This follows from the localization sequence for cohomology with compact support (see [Mi] II.2.3(d)) and the isomorphism
where κ(v) is the residue class field and I v the inertia group at v.
2.2.
Review of the Tamagawa number conjecture for M . In this section we formulate the Tamagawa number conjecture for the motives M (F ) and M (η). Let M be one of the motives M (F ) or M (η).
Beilinson's regulator r ∞ sits in a short exact sequence
Then r ∞ is given by
where |τ (u)| := (τ (u)τ (u)) 1/2 is the usual complex norm. Note that we use here the Beilinson regulator, which differs from the usual normalization of the Dirichlet regulator by a factor of 2. This is important to get the correct 2-part of the main conjecture. We define the fundamental line to be the E-vector space
By the exact sequence (5), we have an isomorphism
∞ , so we can consider its image under the isomorphism above.
The triangle in (4) induces an isomorphism
where one identifies
In the application to M (F ) we will use
Conjecture 2.5 (Tamagawa Number Conjecture). For all rational primes p, there is an equality of O p -modules
, which is independent of the choice of T p .
For the independence of T p , see [BF] Lemma 5. This conjecture is compatible with enlarging p to any finite set of primes S by lemma 2.3 and hence coincides with the usual formulation, where one uses
Both conjectures hold for number fields: Theorem 2.6. Let F be a number field, then the conjectures 2.4 and 2.5 hold for M (F ) and all primes p.
Proof. This is actually a consequence of the analytic class number formula. For the proof of 2.4 we refer to [HK] Proposition 2.3.1. There are some differences in notation, in particular V is used for the motive called M in this text, and the fundamental line is denoted by ∆ f (V ). The conjecture 2.5 is proved in [HK] Proposition 2.3.1 if p = 2. A proof of the case p = 2 is given in [It] 3.1.
Remark 2.7. Note that for the motives M (η) the conjecture 2.4 is equivalent to Stark's conjecture.
2.3.
A reformulation of the Tamagawa number conjecture. In our proof of the equivariant main conjecture, we will not use the Tamagawa number conjecture for the motives M (F ) but for certain quotients.
Consider an abelian Galois extension
Here we assume that E contains all values of η ∈ G L G F . As the Tamagawa number conjecture holds for M (L) and M (F ) it also holds for the quotient motive M (L)/M (F ) and we get from theorem 2.6:
We now give a reformulation of this corollary without using cohomology with compact support. This is necessary as the classical formulation of the Iwasawa main conjecture also does not mention cohomology with compact support. We first need to identify the O p -modules given by
Proposition 2.9 ([HK] 1.2.10, [It] 
1.15). Consider the Artin-Verdier duality isomorphism
on the left hand side and by
on the right hand side agree under this duality isomorphism.
Proof. The statement for p = 2 is [HK] 1.2.10 applied to
The statement for p = 2 follows from [It] 1.15 using that
Definition 2.10. Let η be non-trivial, so that H 0 f (M (η)) = 0, and consider the lattice
(product over places p | p of K) be the zeta element with the Euler factors above p at s = 0 removed (here we use the convention that η(p) = 0, if η is ramified at p).
Consider the regulator map for
From theorem 2.6 we see that the sum of the zeta elements (1)) (note that we do not know this for the individual z(η)). In particular, we can consider the element
We want to understand, the
) (without the f ) generated by these elements. Taking determinants in the above identity, the sums become tensor products and we get the following reformulation of corollary 2.8:
where the tensor product is taken over all η ∈ G L G F , coincides with the
Proof. By proposition 2.9 the statement in corollary 2.8 is equivalent to the statement that under the isomorphism ϑ p the O p -module
The claim follows from the fact that
(see [HK] 1.2.5).
Review of the Euler System of elliptic units
In the proof of the Iwasawa main conjecture, the machinery of Euler systems is an essential tool. In this section, we construct an Euler system by twisting the elliptic units by a finite order character. The general theory of Euler systems, invented by Kolyvagin, was further developed by Kato, Perrin-Riou and Rubin (alphabetical order). We follow Rubin as his approach is closest to our setting.
3.1. Euler systems. Rubin gives a general definition for an Euler system in [Ru3] . We recall this definition using much of his notation. Fix a prime p and let T p be a p-adic representation of the absolute Galois group of K with coefficients in O p , and let N denote an ideal of O K divisible by p and the primes at which T p is ramified. Denote by K := (q,N 0 )=1 K(q) the union of the ray class fields of conductor prime to the prime to p-part N 0 of N . We denote by K ∞ the maximal abelian Z p -extension of K unramified outside of p. Note that no finite prime of O K splits completely in K ∞ and
and 2.1.3). A collection of Galois cohomology classes
Here the Euler factors are given by the characteristic polynomial
We recall the definition of the Euler system of elliptic units, following the treatment of Kato [Ka] section 15.
First we recall Kato's definition of a CM-pair (E, α) of modulus m.
the canonical inclusion, and α ∈ E(K ′ ) is a torsion point, such that the annihilator of α in O K coincides with m. Any isomorphism between two CM-pairs of modulus m over
The main theorem of complex multiplication implies that there exists a CM-pair (unique up to unique isomorphism) of modulus m over the ray class field K(m) which is isomorphic to (C/m, 1 mod m) over C.
Kato constructs in [Ka] 15.4 for each a ⊂ O K which is prime to 6 a function a θ E ∈ O(E E[a]) * , which is characterized uniquely by the following two properties (denote by E[a] the subgroup of elements annihilated by a):
• 
Here (E, α) is "the" CM-pair of modulus p r m defined over K(p r m). Note that this is independent of the chosen r ≥ 1. We omit the auxiliary ideal a from the notation, whenever no confusion is possible.
These elements have the following properties.
Proposition 3.3. Let p r and a be as in definition 3.2, then:
prime to a one has
where |z| = (zz) 1/2 (note that η(a) = η −1 (σ a ) by our normalization of the reciprocity map).
Proof. Observe first that the function a θ E is uniquely determined by the norm compatibility and its divisor. Then it is clear that a θ E is a twelfth root of the function in Chapter II of [dS] . Property 1) follows immediately from [dS] II. 2.4. and property 2) follows in the same way as II. 2.5. i) in [dS] , if one observes that w p r m = w p r mq = 1 in our case. Property 3) is [Ka] 15.4.4 and property 4) is [Ka] (15.5.1).
Corollary 3.4. Choose a prime to 6p and let K := (q,a)=1 K(q). Then the
) for all m prime to a form an Euler system for (K, Z p (1), pa) in the sense of definition 3.1.
3.3. The twisted Euler system. Consider a character
of conductor f η . Let K be the field extension defined in 3.4 and assume that a is chosen prime to f η . We wish to study a twist of the Euler system of elliptic units by η. Consider the composition of the following two maps (9) and (10)
where we have identified
and of the trace map (for
Note that ζ F (η) depends on t p (η).
The following proposition is shown in Rubin [Ru3] Proposition 3.6 ([Ru3] 2.4.2). Let K be as above and a prime to 6p. The collection
for all ideals m prime to a is an Euler system for (K, O p (η)(1), pf η a).
and let H be the quotient so that
For later use we need a compatibility between ζ F (η) as in definition 3.5 and p η −1 (ζ L ). Consider the following diagram:
Then we have π * j * = j * π * and
(1), which we consider as O p (1)-valued maps on G. Consider the map induced by
We return now to our convention, to omit j * from the notation.
Proof. We write G = Gal(L/F ). The corestriction
To show the lemma it suffices to show the commutativity of the diagram
where the diagonal map is given by the above formula. Writing f = g∈G f (g)δ g where δ g is the delta function at g ∈ G, we get
On the other hand
3.5. Relation to zeta elements. In this section we make the relation between the Euler system and the zeta elements precise. This is crucial for the reduction of the main conjecture to the Tamagawa number conjecture. Let K ∞ = n≥0 K n be the maximal Z 2 p -extension of K which is unramified outside of p and where K ⊂ K n ⊂ K ∞ is the unique subextension with Galois group (Z/p n Z) 2 .
Fix an integral ideal f χ ⊂ O K (which will later be the conductor of a character).
Observe that if the level of η is big enough, then η is ramified at all primes above p, so that η(p) = 0 and z p (η) = z(η).
Our aim in this section is to show that for characters η of big enough level ζ K (η −1 ) as in definition 3.5 essentially coincides with the zeta element z p (η). Note that
does not depend on the group where η is considered (cf. equation (1)). By definition and lemma 3.7 (for L = K(f η ) and
Theorem 3.9. Let η : G(f χ ) → E * be a character of conductor f η and level n such that η is ramified at the primes above p.
and let a = O K be prime to 6pf η . Then
In particular, the element ζ
if η is ramified at all places above p. If f η is divisible by at least two different primes, then by 3.3, ζ fη is already in O * K(fη) ⊗ Z E. By our assumption p k | f η for some k ≥ 1. This implies that ζ fη can be only a non-unit if f = p l for p the only prime above p. Consider the exact sequence
, where D v is the decomposition group at v. The fact that η is ramified at v implies
and the above claim. To show the assertion in a) it suffices to compute the regulator r ∞ because this is an injective map. With the explicit form of the regulator r ∞ in (6) we get using 3.3 (4):
This implies a). b) This is clear as η(a) is a root of unity and Na is not. c) From a) and the choice of a we get
be the compositum of K n and K(f χ ) and write
Combining the above theorem 3.9 with corollary 2.11 for L = K n (f χ ) and F = K n−1 (f χ ) one gets:
Corollary 3.10. Let n be so big that all η ∈ G n (f χ ) G n−1 (f χ ) are ramified at all primes above p. Let a be as in theorem 3.9, then the O p -module
where the tensor product is taken over all η ∈ G n (f χ ) G n−1 (f χ ), coincides with the O p -module (1)).
Iwasawa modules
In this section we introduce the basic Iwasawa modules we want to study and state some of their properties used later.
The Iwasawa algebras Λ and Ω. Consider inside
We denote by ∆ ⊂ G f the torsion subgroup and fix once for all a splitting
For each profinite group G = lim ← − G/H we define its Iwasawa algebra to be the inverse limit Λ(G) :
Two Iwasawa algebras are especially important in the sequel:
Definition 4.1. The Iwasawa algebra for Γ is denoted by
which is (non-canonically) isomorphic to
We also let Λ O := Λ ⊗ Zp O p and Ω O := Ω ⊗ Zp O p be the Iwasawa algebras with coefficients in O p .
Both Iwasawa algebras Λ and Ω carry a natural action of Gal(K/K), which acts through its quotient Γ (resp. G f ) by the canonical inclusions Γ ⊂ Λ * (resp. G f ⊂ Ω * ). The Gal(K/K)-module Λ is unramified outside of p and Ω is unramified outside of fp. Note that Λ and Ω are products of local rings so that we can apply the Nakayama lemma to each component of Λ and Ω. 
In particular,
Here the (left) Λ O -module structure on
is induced by multiplication with the inverse on Λ, so that γ ∈ Γ acts on Λ(η) via η −1 (γ) (see [HoKi] Appendix B for details). We consider also the cohomology with compact support
) and the local cohomology groups
and similarly for Ω(1). These Λ O -modules (resp. Ω-modules) are the basic Iwasawa modules, which are involved in the formulation of the main conjecture. We collect some information about these Iwasawa modules. The following lemma will be often used without further comment. 
are perfect. The same statement holds for the complexes of Ω-modules
For all primes l ∤ p of K one has
is the inverse of Frobenius at l, κ(l) is the residue field at l and RΓ κ(l) (O K l , Λ(η) (1)) is the complex which computes the cohomology with support in κ(l).
Proof. The first statement and the second statement for O K [1/pf] follow from [Fu-Ka] 1.6.5 (2). Using the localization sequence (1)), where κ(l) is the residue field of l. By purity this is isomorphic to RΓ(κ(l), Λ(η) I l )[−2], where I l is the inertia group. If η is ramified at l, I l acts non trivially and one gets Λ(η) I l = 0.
Otherwise the complex is represented by (Λ
, which is obviously perfect and has the right determinant.
The following lemma is true in much greater generality (see [Fu-Ka] 1.6.5 (3)) but is stated here only in the case we need.
Lemma 4.4. One has
In particular, one has a spectral sequence [Fu-Ka] 1.6.5 (3). With the distinguished triangle
Proof. (compare lemma 2.2). This is shown for
the result follows in general.
Consider the triangle for cohomology with compact support
For the computations of some Iwasawa modules, we need a local duality result:
Proposition 4.5. Let T p be a finitely generated projective
Proof. This isomorphism is just a reformulation of the classical duality theorem ( [Mi] I 2.3.).
Lemma 4.6. The modules
Proof. The surjective map Ω O → Λ(η) induces a surjection
and it suffices to proof that
We have
where D v is the decomposition group in G f , because by local duality
where D v,n is the decomposition group of v in K(p n f). If p is inert or ramified in K, the ramification group of v has already finite index in G f and the claim follows. If p = pp ′ splits in K and we decompose
∞ ) the maximal unramified outside of p (resp. outside of p ′ ) subextension, then p is totally ramified in K p ∞ and finitely decomposed in K p ′ ∞ (see [dS] II 1.9). Similarly for p ′ and it follows that in both cases G f /D v is finite.
We finally study the operation of twisting with a continuous character
be a continuous character and consider Λ(̺). Then there is an isomorphism of Gal(K/K)-modules depending on the generator
given by γ → γ ⊗ ̺(γ)t p (̺). In particular, one has isomorphisms
for all i ≥ 0.
Proof. As Λ O ≃ Λ(̺) is obviously an isomorphism of Gal(K/K)-modules, the statement follows.
Statement of the two main conjectures
Recall the definition of the Iwasawa algebras Λ and Ω from 4.1. We will formulate in this section two main-conjectures. One for the ring Λ, which corresponds to the statement of the main conjecture decomposed into characters, and another for the ring Ω, which is elsewhere called the equivariant main conjecture.
The Ω-main-conjecture is apparently stronger because it is an equivariant statement, which does not involve any characters. Nevertheless, we will deduce the Ω-main-conjecture from the Λ-main-conjecture for all O p (η) by a simple observation, which is inspired by the work of Burns-Greither [BG] for the cyclotomic case and was first explained by Witte in [Wi] .
Preliminary notations.
Fix an integral ideal f ⊂ O K and define Ω and Λ as in 4.1. For each integral ideal a, which is prime to 6pf, we denote by
The elements Na − σ a ∈ Ω O resp. in Λ O are no zero-divisors as their images under the canonical maps
(mapping γ ∈ G f to η(γ)) are given by Na − η −1 (a), which is invertible in O p (η) ⊗ Op E for all non-trivial characters η of finite order. Denote by
in Ω resp. Λ. It is easy to see that J Ω resp. J Λ is generated by Na − σ a for all a prime to 6pf. Note that J Ω (resp. J Λ ) can also be described as the kernel of the map Ω → Z p (resp. Λ → Z p ) induced by the cyclotomic character (resp. the restriction of the cyclotomic character to Γ). This implies that Ω/J Ω and Λ/J Λ are isomorphic to Z p and are hence pseudo-null modules. In particular, for all prime ideals q ⊂ Ω resp. q ⊂ Λ of height 1,
Proof. As Λ is regular, the quotient Λ/J Λ is perfect and the statement is clear in this case.
where the order of ∆ ′ is divisible by p and the order of ∆ ′′ is prime to p. Then the cyclotmic character Ω → Z p factors through the regular ring A :
Note that A is a quotient of Ω but also a direct summand. In particular, A is projective as Ω-module. Let A → Z p be given by the cyclotomic character. As A is regular, this has a finite resolution by free A-modules of finite rank, so in particular by projective Ω-modules. This implies that J Ω as the kernel of Ω → Z p is also perfect.
5.2.
The Λ-main-conjecture. Consider a character χ : G(f χ ) → E * of conductor f χ and fix a prime to 6pf χ . In definition 3.5 we have defined elements
which are part of an Euler system in the sense of definition 3.1. Note that we retain the subscript a for this element for the remainder of the paper. In particular, these elements are norm compatible in the K ∞ -direction and we can define
We define
where Q(Λ O ) is the total quotient ring of Λ O . Using proposition 3.3 (3) this element is independent of a and by definition it satisfies
We consider the submodule
and J Λ (ζ(χ)) is generated by the a ζ(χ) for all a prime to 6pf χ . This inclusion induces a morphism of perfect complexes
The map κ χ is good in the sense of Knudsen and Mumford (see 1.3) and has divisor Div(κ χ ) = 0. In particular, κ χ induces an isomorphism of Λ Omodules
This theorem will be proved in section 6. Note that the statement is for all primes p with no exceptions.
Corollary 5.3. Suppose that f χ | f and consider the image of ζ(χ) in
Then the inclusion
is good in the sense of 1.3 and induces an isomorphism of Λ O -modules
Proof. This follows from the theorem, the localization sequence
and the fact that by lemma 4.3
Remark 5.4. Observe that our formulation here follows [HK] and is different from the classical approach by Rubin. Rubin decomposes the Iwasawa modules into χ-eigenspaces, we use instead cohomology with coefficients in O p (χ). This approach avoids many problems with the χ-eigenspaces and is very close to the spirit of the Tamagawa number conjecture.
5.3.
The Ω-main-conjecture. We are ultimately interested in an equivariant version of the Λ-main-conjecture. Recall that Ω = Λ(G f ). We admit the following hypothesis.
Conjecture 5.5. Let q be a height one prime ideal of Ω containing p, then
This conjecture is essentially equivalent to the vanishing of the µ-invariant for the maximal abelian Z p -extension of K ∞ . Using results of Gillard, we show in 5.12 that this conjecture holds for primes p ∤ 6, which are split in K:
Theorem 5.6 (see corollary 5.12). In the case that p ∤ 6 splits in K/Q, Conjecture 5.5 is true.
Recall the Euler system of elliptic units presented in section 3.2. Consider for a prime to 6pf
Define as in (17) ζ(f) := (Na − σ a )
where Q(Ω) is the total quotient ring of Ω. Note that ζ(f) is again independent of a. We have by definition
and J Ω (ζ(f)) is generated by the a ζ(f). Consider the inclusion of perfect complexes
, Ω(1)) has Ω rank 1 and
, Ω(1)) q = 0 for all height one prime ideals with p ∈ q, then the map κ f is good in the sense of 1.3 and has divisor Div(κ f ) = 0. In particular, κ f induces an isomorphism of Ω-modules
Note that conjecture 5.5 holds by corollary 5.12 for all prime numbers p ∤ 6, which split in K.
This theorem will be proved in section 7. Moreover, this decomposition is given by the projectors p χ −1 , which are in this case are already defined over O p (note that the image of δ e ∈ Z p [∆] under the projector p χ −1 is t p (χ)). In particular, Λ(χ) = Λ ⊗ Zp O p (χ) and Ω O is a product of regular local rings. Note also that by [Wi] 3.6. i) in this case the complex
Using the above decomposition we get
We define as usual
The elliptic units C ∞ ⊂ E ∞ defined by Rubin in [Ru1] are (up to torsion) the Ω-submodule generated by I Ω J Ω (ζ(g)) for all integral ideals g | f.
The relation of the above Iwasawa modules to the ones used in this paper is given as follows:
Lemma 5.8 ( [BG] 5.1., [Wi] 4.1 and 4.2). One has an isomorphism
and an exact sequence
where D v is the decomposition group at v.
is a finitely generated O p -module (compare lemma 4.6) as there are only finitely many primes above p in K(p ∞ f). In particular, it is a pseudo-null Ω O -module. Consider now in each
Here ζ(χ) is as in theorem 5.2. Then theorem 5.2 gives a canonical isomorphism
which holds with no restriction on p besides the fact that p is prime to the order of ∆. 5.5. Conjecture 5.5 and the vanishing of the µ-invariant. In this section we show that the results of Gillard [Gi] imply the conjecture 5.5 for p ∤ 6, which are split in K.
Assume that p = pp ′ in K and let
∞ ) be the Z p -extension of K, which is unramified outside of p (resp. p ′ ). Recall from (11) that we fixed a splitting
is exact. Let M ∞ be the maximal abelian Z p -extension of F ∞ , which is unramified outside of p. Gillard proves:
Theorem 5.9 (Gillard [Gi] 3.4.) . Let p ∤ 6 be split in K. The group Gal(M ∞ /F ∞ ) has no Z p -torsion. In particular, it is a finitely generated Z p -module.
We want to apply this theorem to prove conjecture 5.5, i.e., we want to show that H 2 (O K [1/pf], Ω(1)) q = 0 for all height one prime ideals with p ∈ q. Note first that we can make the flat base change to O p . We study
be the inverse limits of the class groups of the fields
Corollary 5.10. With the above notations
is a finitely generated O p -module. In particular,
Proof. As in lemma 5.8 one has an exact sequence
where D v is the decomposition group. As p splits in K, all primes not above p are finitely decomposed in F ∞ (see [dS] II 1.9) and p is com- [Fu-Ka] 1.6.5 (3) one sees that
It follows from Nakayama's lemma (see [NSW] 
We conclude with the following general structure result.
Lemma 5.11. Let M be an Ω O -module which is finitely generated as Λ O (H)-module. Then for any height one prime ideal q ⊂ Ω O with p ∈ q, one has
We denote by κ(q) the residue class field of q. By Nakayama's lemma it suffices to show that
By our assumption, M/IM is a finitely generated O p -module. Identify
Note that u / ∈ q as otherwise p, u ∈ q and q could not have height 1. We show that
which gives the desired result, as Ω[ u −1 ] ⊂ κ(q). Let I := I/qI ⊂ Ω. As p ∈ q the Ω-module M / I M is finitely generated O p /pO p -module, hence a finite group. This implies that there is an integer k such that u k ( M / I M ) = u k+1 ( M / I M ). As u is in the radical of Ω, Nakayama's lemma shows that
Corollary 5.12 (Conjecture 5.5 for split primes). Let p be a prime, which splits in K and assume that p ∤ 6. Then, for any height one prime ideal q ⊂ Ω with p ∈ q, one has
6. Proof of the Λ-main-conjecture
In this section we prove the Λ-main-conjecture as formulated in theorem 5.2. 6.1. Reduction to characters of big enough level. Let χ : G(f χ ) → E * be a character of conductor f χ and let a be an integral ideal prime to 6pf χ . Consider the submodule
Lemma 6.1. Consider a continuous character ̺ : Γ → O * p . Then the twisting map of lemma 4.7 maps a ζ(χ) to
In particular, J ζ(χ) is mapped to J ζ(χ̺) and the Λ-main-conjecture is compatible with twists.
Proof. As the twisting morphism maps the generator t p (χ) to t p (χρ), this is a direct consequence of the construction of a ζ(χ) in 3.5 (see also [HoKi] section 1.2). As Λ(χ) ∼ = Λ(χ̺) as Gal(K/K)-modules, it is clear that
This lemma allows us to reduce the Λ-main-conjecture for χ to the one for η := χ̺ using the isomorphisms in 4.7. Choose ̺ such that the level of η = χ̺ is big enough. This gives:
Corollary 6.2. To prove the Λ-main-conjecture, it suffices to consider characters η of level big enough. Ru3] Corollary B.3.5. By the structure theory of Λ Omodules, we can find a pseudo-isomorphism
(1)) → Λ O be the projection onto Λ O , then the kernel of φ is torsion and one has an exact sequence of Λ O -torsion modules
This gives inside Q(Λ O ), using Det
Finally, theorem 2.3.3 in [Ru3] shows (1)), which gives statement 4).
Next, we strengthen the divisibility of theorem 6.4. For this, we need a lemma:
Corollary 6.5. Let η be as in theorem 6.4. Under the isomorphism
one has an inclusion of Λ O -modules
Proof. By definition of H
By lemma 4.6 the modules H 2 (K v , Λ(η)(1)) are finitely generated O p -modules and hence pseudo-null. It follows that inside
This, together with the vanishing of H 0 (O K [1/p], Λ(η)(1)) by (14) and the divisibility in theorem 6.4 gives the result.
6.3. Reduction to the Tamagawa number conjecture. In this section we reduce the Λ-main-conjecture 5.2 to the Tamagawa number conjecture. In this section η is a character of conductor f η and level n, chosen so that
Observe that Λ O is a product of regular local noetherian rings, so that we can use the functor Div from 1.3. Consider the inclusion of perfect complexes
To compare this with the divisibility results obtained from the theory of Euler systems, we also consider the inclusion
By theorem 6.4, both κ η and τ η are isomorphisms after tensoring with Q(Λ O ), hence κ η and τ η are good as defined in 1.3 and we can consider Div(κ η ) and Div(τ η ) on SpecΛ O . Applying (2) to κ η one gets
In the same way
and we have Div(κ η • τ η ) = Div(τ η ) + Div(κ η ). By 6.4 the divisor Div(κ η • τ η ) is effective.
Lemma 6.6. The divisor Div(τ η ) is effective and we have
Proof. Consider the inclusions
As the quotient of the last inclusion is pseudo-null, we get
We have an exact sequence
It follows
With this result, we see that Div(κ η ) is effective as well and one has
The statement of the Λ-main-conjecture is that Div(κ η ) = 0. To show this we consider all characters η of level n big enough at the same time. Recall that K n (f η ) is the compositum K n K(f η ) and that we defined G n (f η ) := Gal(K n (f η )/K). As the divisors Div(κ η ) are effective, they vanish precisely when η Div(κ η ) = 0, where the sum is over all η ∈ G n (f η ) G n−1 (f η ). From the above we have
where the tensor products are again taken over η ∈ G n (f η ) G n−1 (f η ). By the above lemma this can be formulated as follows: To show that this is an equality of line bundles on SpecΛ O we use Nakayama's lemma. Consider the augmentation map
We denote also by ι the induced map ι : SpecO p → SpecΛ O . We have to show that after applying Lι * to both sides in (20) we get equality.
Lemma 6.7. Let ι be as above, then Lι * (κ η • ι η ) is the map induced by the As the map Λ(η) → O p (η) maps γ ⊗ t p (η) → η(γ)t p (η) we see that
we get after applying Lι * to both sides in (20):
where η ∈ G n (f η ) G n−1 (f η ). Application of corollary 3.10 to L = K n (f η ) and F = K n−1 (f η ) gives that this is in fact an equality. This ends the proof of the Λ-main-conjecture.
Proof of the Ω-main-conjecture
The proof of the Ω-main-conjecture essentially reduces, using an observation of Burns and Greither, to the Λ-main-conjecture plus conjecture 5.5 which, as we stress again, is a theorem in the case where p is split in K and p does not divide 6. To prove the rest of the equivariant main conjecture 5.7 we want to use the following lemma taken from Flach [Fl] To show that these are equal we can by 7.4 localize at all height one primes of Ω O . We distinguish two cases following Burns and Greither:
Definition 7.5. A prime ideal q ⊂ Ω O of height one is called regular if p / ∈ q. If p ∈ q, the prime ideal is called singular.
The proof of the Ω-main-conjecture in these two cases is given in the next two sections. 7.2. Proof for regular prime ideals. First note the following consequence of lemma 7.2: Lemma 7.6. Let q ⊂ Ω O be a regular prime ideal of height one, then
Proof. As p is invertible in (Ω O ) q both rings are localizations of Ω O ⊗ Op E p resp. Ω O ⊗ Op E p , which agree by lemma 7.2.
It follows that for regular q (using again [Fu-Ka] 
